Semisimple subalgebras in simple Lie algebras and a computational approach to the compact Clifford-Klein forms problem 
Introduction
Assume that we are given a non-compact homogeneous space G/H of a reductive real Lie group G and a closed subgroup H ⊂ G. Suppose that there exists a discrete subgroup Γ ⊂ G which acts properly, co-compactly and freely on G/H by left translations. The quotient Γ\G/H is called a compact Clifford-Klein form. The problem of determining which reductive homogeneous spaces admit such forms goes back to Calabi and Markus [CM62] and was formulated as a research program by T. Kobayashi [Kob89] . There are many results aimed at fulfilling it [BEN] , [BL] , [BT] , [BT1] , [LMZ] , [Ka] , [Kob92] , [Kob93] , [Kob96] , [Kob98] , [M] , [MA] , [OH] , [Th] , [OW] , but in general the problem is far from being solved (see, for example the surveys [C] and [KY] ). Moreover, the known families of homogeneous spaces with compact Clifford-Klein forms are of a special nature [C] . In [M] and [Th] Morita and Tholozan found some topological obstructions to the existence of compact Clifford-Klein forms. The examples obtained with the use of these works are significant, because they make advances toward Kobayashi's space form conjecture. This hypothesis states that the homogeneous space H p,q = SO 0 (p, q + 1)/SO 0 (p, q) has a compact Clifford-Klein form if and only if one of the following holds: p is even and q = 1, p is divisible by 4 and q = 3, p = 8 and q = 7 . Using the found obstruction, Tholozan was able to prove that for the following pairs (G, H) , the homogeneous spaces G/H do not have compact Clifford-Klein forms ( [Th] , Theorem 5):
• G = SO 0 (p, q + r), H = SO 0 (p, q); p, q > 0, r > 0, p odd.
• G = SL(n, R), H = SL(m, R); 1 < m < n, m even,
• G = SL(p + q, C), H = SU (p, q); p, q > 0,
• G = Sp(2(p + q), C), H = Sp(p, q),
• G = SO(2n, C), H = SO * (2n),
• G = SL(p + q, R), H = SO 0 (p, q); p, q > 1,
• G = SU * (p + q), H = Sp(p, q); p, q > 1.
On the other hand, the lack of compact Clifford-Klein forms for these homogeneous spaces was established by a different (but may be equivalent) line of reasoning by Morita [M] . Also, Theorem 5 in [Th] extends some previous results obtained by different methods, for example by Kobayashi and Ono [KO] , Labourie, Mozes and Zimmer [LMZ] and others. Therefore, in this work, we ask a question: what are the possible families of homogeneous spaces which do not have compact CliffordKlein forms due to Tholozan's cohomological obstruction? The aim of the present article is to show by numerical experiments that the method of [Th] can be applied to a surprisingly large variety of homogeneous spaces (Theorem 4). We construct algorithms which detect homogeneous spaces with no compact Clifford-Klein forms because they satisfy the property found by Tholozan. We get families of homogeneous spaces G/H by applying our algorithm to classes of pairs (g, h), where h are semisimple subalgebras of a simple linear Lie algebra g. We use the algorithms of generating such pairs developed by de Graaf [G] , [G1] and Dietrich, Faccin and de Graaf [DFG] . In order to present our results we begin by describing obstructions found in [M] and [Th] . Let K H ⊂ H be a maximal compact subgroup of H and K ⊃ K H be a maximal compact subgroup of G containing K H . Also denote by G U and H U the compact duals of G and H, respectively (see Section 3 for a description of duality).
Theorem 1 (Morita, Theorem 1.3 in [M] ). If the homomorphism
induced by the projection π : Let i denote the canonical map i :
Theorem 2 ((Tholozan, [Th] ). Let G/H be a reductive homogeneous space, with G and H connected and with finite center.
Thus, ω G,H yields an obstruction in some cases: if it is zero, no Γ can yield a compact Clifford-Klein form. In particular, Tholozan found some conditions on G/H which ensure ω G,H = 0. Also, the dual homogeneous spaces G/K and G U /K have the following property. By construction, the tangent spaces at the base point x 0 = K in G/K and G U /K are isomorphic as representations of K. This induces an isomorphism between the exterior algebras of invariant forms on G/K and G U /K. If α is a G-invariant form on G/K, the image of α by this isomorphism will be denoted by α U .
Theorem 3 (Tholozan, [Th] , Theorem 3.2). The cohomology class of the form
is Poincaré dual to the homology class
The main application of the algorithms developed in this article is formulated as follows.
Theorem 4. Let G/H be a homogeneous space of non-compact simple linear Lie group G of exceptional type. If the pair (g, h) is contained in one of the tables in Section 9, then G/H does not have compact Clifford-Klein forms.
Note that our algorithm does not find all G/H with no compact Clifford-Klein forms. Indeed, there exist homogeneous spaces for which Tholozan's obstruction vanishes, but still they have no Clifford-Klein forms. Also, we use [DFG] in the simplest possible cases of regular subalgebras in E 6(6) and split Lie algebras g. This already yields large families. On the other hand, generating pairs (g, h) by the algorithms [DFG] clearly may yield much more examples. Note that we choose exceptional Lie groups just for simplicity, because the algorithms are applicable to the classical case as well.
Finally let us mention an easy but interesting result formulated below, which is a kind of byproduct of our analysis and does not use a computational approach.
Theorem 5. Let G be a semisimple connected linear Lie group. Assume that the maximal compact subgroup K is semisimple. For any monomorphism SL(2, R) ֒→ G the homogeneous space G/SL(2, R) does not have compact Clifford-Klein forms.
To put this observation into the general context, recall the following.
• The space SL(3, R)/SL(2, R) does not have compact CliffordKlein forms for any embedding SL(2, R) ⊂ SL(3, R) (see [BEN] ).
• The space SL(m, R)/SL(2, R), m ≥ 5 does not have compact Clifford-Klein forms for a standard embedding SL(2, R) ⊂ SL(m, R) (see [LZ] ).
• The space SL(4, R)/SL(2, R), does not have compact CliffordKlein forms for a standard embedding SL(2, R) ⊂ SL(4, R) (see [SH] ).
• The space SL(m, R)/f (SL(2, R)), m ≥ 4 does not have compact Clifford-Klein forms where f : SL(2, R) → SL(m, R) is a real, n-dimensional irreducible representation (see [MA] and [OH] ).
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Computational setup
We have implemented the algorithms in the language of the computer algebra system GAP4.8 [GAP] using the package NoCK [BJSTW] . We create pairs (Lie algebra, semisimple subalgebra) using the database CoReLG [DFG1] and SLA [G] .
Preliminaries
Throughout this paper we use the basics of Lie theory without further explanations. One can consult [O1] . We denote Lie groups by G, H, ..., and their Lie algebras by the corresponding Gothic letters g, h.... The symbol g C denotes the complexification of a real Lie algebra g. Our notation is in accordance with [O1] . In this article we use various results dealing with homogeneous spaces G/H of a reductive type. Recall this notion following [Kob89] . By a real reductive linear Lie group G we mean a real linear Lie group contained in a connected complex reductive Lie group G C whose Lie algebra g C is isomorphic to g ⊗ R C. Without further explanations we use the notions of the Cartan involution θ and the Cartan decomposition g = k + p. Let H be a closed subgroup of a real reductive linear group G and by K denote a maximal compact subgroup in G. We say that H is reductive in G and G/H is of a reductive type if there exists a Cartan involution θ of G such that G has a polar decomposition H = (H ∩ K) · exp(h ∩ p) and connected Lie subgroup corresponding to h C is closed in Int(g C ). Note that semisimple linear real Lie groups are reductive. Our basic assumption in this article is that G is simple and linear.
Using the Cartan involution, one can write the compatible Cartan decomposition
on the Lie algebra level. Throughout this article we write
These numbers are often called non-compact dimensions of G and H.
Let b ⊂ p be a maximal abelian subspace in p. All such subspaces are conjugate by some automorphism of the form Ad k for some k ∈ K. The dimension dim b is called the real rank of g. The real rank of a real Lie algebra g will be denoted by rank R g.
For simplicity of the implementation of the algorithms we consider examples of split semisimple Lie algebras (see [DFG] and [O1] ). These are defined as real forms of complex semisimple Lie algebras g C generated by the Chevalley bases of g C over the reals.
Let X be a Hausdorff topological space and Γ a topological group acting on X. We say that an action of Γ on X is proper if for any compact subset S ⊂ X the set {γ ∈ Γ | γ(S) ∩ S = ∅} is compact. In particular, this article is devoted to the proper actions of a discrete subgroup Γ ⊂ G on G/H by left translations, and for simplicity we assume that the action is free. Since we consider homogeneous spaces G/H of a reductive type and assume that G is connected and (semi)simple, we know that every G/H has a dual G U /H U , which we now describe (see [KO] , Section 3). Let G U be a compact real form of a (connected) complexification G C of G and let H U be a compact real form of H C ⊂ G C . The space G U /H U is called the homogeneous space of compact type associated with G/H (or dual to G/H).
Our algorithms use also the well known Calabi-Markus phenomenon (see Theorem 6).
Theorem 6 ([Kob89]). Let G/H be a non-compact homogeneous space of a reductive type and rank R g = rank R h, then G/H does not have compact Clifford-Klein forms.
In this paper we consider the homology and cohomology over the reals. If f : X → Y is a continuous map, we write f * : H * (X, R) → H * (Y, R) for the map induced in homology and f * : H * (Y, R) → H * (X, R) for the map induced in cohomology. If X is a manifold of dimension n we denote by [X] ∈ H n (X, R) its fundamental class. For any topological space X we denote by P (X, t) the Poincaré polynomial of X. Note that all topological notions and facts we need can be found in [FHT] .
4 On generating semisimple subalgebras of real simple Lie algebras Let g C be a simple complex Lie algebra and a C be a Cartan subalgebra. We say that a subalgebra h C is regular with respect to
It is well known that all Cartan subalgebras in g C are conjugate, therefore, there is no need of specifying them. Let g be a real noncompact simple Lie algebra with a Cartan decomposition g = k + p and associated Cartan involution θ. Let G be an adjoint group of g. It is known that every Cartan subalgebra in g is G-conjugate to a θ-stable Cartan subalgebra. By well known classical results of Sugiura and Kostant, up to G-conjugacy, there are a finite number of θ-stable Cartan subalgebras. A subalgebra h of g is called regular with respect to a Cartan subalgebra a, if [a C , h C ] ⊂ h C . Dynkin [D] developed an algorithm to classify the regular semisimple subalgebras of g C up to a conjugacy by the inner automorphism group. Dietrich, Faccin and de Graaf [DFG] created an algorithm to classify the regular semisimple subalgebras of a real simple Lie algebra g (with respect to any θ-stable Cartan subalgebra). This algorithm has been implemented in the software package CoRelG [DFG1] for the computer algebra system GAP [GAP] . We use these results in implementing our algorithm of computing Tholozan's obstruction. We create regular subalgebras h according to [DFG] and apply our algorithm.
Formality
In this work we use a homotopic property called formality. It is an important property of topological spaces. For instance, the rational homotopy type of a formal topological space is determined by its cohomology algebra over Q [FHT] .
Formality property
Explaining the material of this section we follow [FHT] . Here K denotes any field of zero characteristic. We consider the category of commutative graded differential algebras (or, in the terminology of [FHT] , cochain algebras). If (A, d) is a differential graded algebra with a grading S = ⊕ p A p , the degree p of a ∈ A p is denoted by |a|. Given a vector space V , consider the algebra
that is, ΛV denotes a free algebra which is a tensor product of a symmetric algebra over the vector space V even of elements of even degrees, and an exterior algebra over the vector space V odd of elements of odd degrees. We will use the following notation:
• by ΛV ≤p and ΛV >p we denote the subalgebras generated by elements of degree ≤ p and of degree > p, respectively;
• if v ∈ V is a generator, Λv denotes the subalgebra generated by v ∈ V ;
Definition 1. A Sullivan algebra is a commutative graded differential algebra of the form (ΛV, d), where
• V admits an increasing filtration
If X is a CW -complex, there is a cochain algebra (A P L (X), d) of polynomial differential forms. For a smooth manifold X we take a smooth triangulation of X and as the model of X we take the Sullivan model of A P L (X). If it is minimal, it is called the Sullivan minimal model of X. It is known [FHT] that any CW -complex admits a Sullivan minimal model, say (M X , d), which is unique up to isomorphism.
are called quasi-isomorphic if there is a chain of morphisms
inducing isomorphisms in cohomology.
Definition 5. We say that a CW -complex is formal if the Sullivan minimal model
Note that not all CW complexes are formal. For example, nonvanishing Massey products are an obstruction to formality [TO] .
On the other hand, in our arguments we will need the following.
Theorem 7 ([TO], Example 3.3).
Compact Riemannian symmetric spaces are formal.
Cohomology and formality of compact homogeneous spaces
In this subsection we recall the classical results on the real cohomology and formality of compact homogeneous spaces in the suitable form [T] . Note that here (and only here) we assume that G is a compact connected Lie group and H is a closed subgroup. Since we consider only cohomology and homology with real coefficients we omit the field of coefficents in the notation. The cohomology algebra H * (G) is an exterior algebra over vector space P G generated by primitive elements y 1 , ..., y l of odd degrees 2p 1 − 1, ..., 2p l − 1, where l = rank G. These generators can be chosen in such a way, that the cohomology algebra of the classifying space BG is isomorphic to the polynomial algebra G) and assume that m = rank H. Let j * :
• G/H is formal.
As usual, the differential graded algebra
for any homogeneous space G/H of a compact Lie group G. Consider the exterior algebras
Note that even if the gradings of P G and P H are known, in general it is not possible to write down the Poincaré polynomial of G/H without the knowledge of the embedding of H into G, because it influences the order of the generators. As usual, we call p i and q j the exponents of G and H, respectively. 6 Tholozan's obstruction to compact CliffordKlein forms in an algorithmic fashion Theorem 10. let G/H be a reductive homogeneous space of a connected non-compact semisimple real linear Lie group G. Assume that 
On the other hand, by the assumption of the theorem,
be the exterior algebras over the spaces P G and P H of the primitive elements in H * (G) and H * (K) respectively. Denote the degrees as follows |y j | = 2p j − 1, j = 1, ..., l,
Consider the polynomial
If the coefficient in degree d = d(H) of P (t) vanishes, then G/H does not admit a compact Clifford-Klein form.
Proof. Since G U /K is a symmetric space, it is formal by Theorem 7. By Theorem 9 the Poincaré polynomial of G/K has the form (1). The proof follows from Theorem 10.
7 Algorithms detecting homogeneous spaces with no Clifford-Klein forms
Our algorithms are based on Corollary 1. Given a homogeneous space G/H we need to do the following:
• eliminate homogeneous spaces G/H which do not have compact Clifford-Klein forms by the Calabi-Markus phenomenon (6);
• write down the exponents p 1 , ..., p l of G and q 1 , ..., q m of K;
• write down the polynomial (1) from Corollary 1;
• write down all possible polynomials which are obtained from (1) by permutation of the set P = {p 1 , ..., p l } and delete all obtained expressions which are rational functions but not polynomials (these do not correspond to any formal homogeneous space);
• if at least one of obtained polynomials has non-zero coefficient in degree d, exclude such pair (G, H) from the consideration;
• if all permutations yield polynomials with zero coefficient in degree d, write down the output G/H as a homogeneous space with no compact Clifford-Klein forms.
Remark 1. Note that our algorithm may not detect some homogeneous spaces G/H which do not have compact Clifford-Klein forms by Tholozan's theorem. This may happen, because of the permutation of P = {p 1 , ..., p l }. We need to do this operation, because we don't know the embedding h ֒→ g, and, therefore, the order of p i in the expression (1). However, this cannot happen if rank G = rank K. Basically, this condition is satisfied for almost all cases. Here is the list of exceptions (rank G > rank K):
In order to get classes of homogeneous spaces G/H without compact Clifford-Klein forms, we use the method of computer generation of (all) semisimple subalgebras in exceptional Lie algebras developed in [DFG] .
Algorithm 1
Algorithm 1: RegularNoCK(g) /* g -noncompact real simple Lie algebra. Return list L of regular subalgebras h of g that corresponding homogeneous space G/H do not have compact Clifford-Klein form. */ 1 begin 2 let L0 be a set of all regular subalgebras of g (use Algoritm from §8, [DFG] ) ; Table 11 in [D] or SLA plugin for GAP-software, [G] ) ; Using our algorithms and the computer program we create tables in Section 9, and Corollary 1 guarantees that all such homogeneous spaces do not admit Clifford-Klein forms. In greater detail, we obtain two tables according to the following procedures.
• Table 1 : we take the list of all semisimple regular subalgebras h in g of type e 6(6) obtained in [DFG] , and apply Algorithm 1 from subsection 6.1.
• Table 2 : here we restrict ourselves to only split pairs (g, h). In this case, h ⊂ g if and only if h c ⊂ g c . It follows that we can use either (corrected) Dynkin's classification of semisimple subalgebras of complex simple Lie algebras [D] , or [G1] . We apply Algorithm 2 from subsection 6.2 and get the resulting table.
Tables
Here we illustrate our algorithms by lists of new homogeneous spaces of exceptional Lie groups which do not have compact Clifford-Klein forms. g h e 6(6) sl(2, R) e 6(6) sl(3, R) e 6(6) sl(5, R) e 6(6) sl(6, R) e 6(6) sl(2, R) ⊕ sl(2, R) e 6(6) sl(3, R) ⊕ sl(2, R) e 6(6) sl(3, R) ⊕ sl(3, R) e 6(6) sl(4, R) ⊕ sl(2, R) e 6(6) sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 6(6) sl(3, R) ⊕ sl(3, R) ⊕ sl(2, R) e 6(6) sl(4, R) ⊕ sl(2, R) ⊕ sl(2, R) e 6(6) sl(2, C) e 6(6) sl(2, R) ⊕ sl(2, C) e 6(6) so(3, 5) e 6(6) sl(2, C) ⊕ su(2, 2) e 6(6) sl(2, R) ⊕ sl(2, R) ⊕ sl(2, C) e 6(6) sl(2, C) ⊕ sl(2, C) e 6(6) sl(2, C) ⊕ su(1, 2) e 6(6) sl(2, R) ⊕ sl(3, C) e 6(6) su(1, 2) e 6(6) sl(3, C) ⊕ su(1, 2) e 6(6) su(2) ⊕ su ⋆ (4) e 6(6) su(2) ⊕ sl(2, C) e 6(6) su ⋆ (4) e 6(6) su ⋆ (6) e 6(6) su(2) ⊕ su ⋆ (6) e 6(6) su (2) g h e 6(6) sl(2, R) e 6(6) sl(3, R) e 6(6) sl(5, R) e 6(6) sl(6, R) e 6(6) sl(2, R) ⊕ sl(2, R) e 6(6) sl(3, R) ⊕ sl(2, R) e 6(6) sl(3, R) ⊕ sl(3, R) e 6(6) sl(4, R) ⊕ sl(2, R)
sl(2, R) e 7 (7) sl(3, R) e 7 (7) sl(4, R) e 7(7) sl(7, R) e 7 (7) so(5, 5) e 7 (7) sl(2, R) ⊕ sl(2, R) e 7 (7) sl(3, R) ⊕ sl(2, R) e 7 (7) sl(4, R) ⊕ sl(2, R) e 7 (7) sl(5, R) ⊕ sl(3, R) e 7 (7) so(5, 5) ⊕ sl(2, R) e 7 (7) sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) e 7 (7) sl(3, R) ⊕ sl(3, R) ⊕ sl(3, R) e 7 (7) sl(4, R) ⊕ sl(2, R) ⊕ sl(2, R) e 7 (7) sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 7 (7) sl(4, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8 (8) sl(2, R) e 8(8) sl(3, R) e 8(8) sl(4, R) e 8 (8) sl(5, R) e 8(8) sl(7, R) e 8(8) sl(8, R) e 8 (8) so(5, 5) e 8(8) so(7, 7) e 8(8) e 6(6) e 8(8) e 7(7) e 8(8) sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(3, R) e 8(8) sl(4, R) ⊕ sl(2, R) e 8(8) sl(4, R) ⊕ sl(3, R) e 8(8) sl(4, R) ⊕ sl(4, R) e 8(8) sl(5, R) ⊕ sl(3, R) e 8(8) sl(5, R) ⊕ sl(4, R) e 8(8) sl(6, R) ⊕ sl(2, R) e 8(8) sl(6, R) ⊕ sl(3, R) e 8(8) sl(7, R) ⊕ sl(2, R) e 8(8) so(4, 4) ⊕ sl(2, R) e 8(8) so(4, 4) ⊕ sl(3, R) e 8(8) so(4, 4) ⊕ sl(4, R) e 8(8) so(5, 5) ⊕ sl(2, R) e 8(8) so(5, 5) ⊕ sl(3, R) e 8(8) so(6, 6) ⊕ sl(2, R) e 8 (8) sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(3, R) ⊕ sl(3, R) e 8(8) sl(4, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8 (8) sl(5, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8 (8) sl(5, R) ⊕ sl(3, R) ⊕ sl(2, R) e 8 (8) so(5, 5) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(3, R) ⊕ sl(3, R) ⊕ sl(2, R) e 8(8) sl(4, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(4, R) ⊕ sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) so(4, 4) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8 (8) sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(3, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(4, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) e 8(8) sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) f 4 (4) sl(2, R) f 4(4) sl(3, R) f 4(4) sl(4, R) f 4(4) so(2, 3) f 4(4) sl(3, R) ⊕ sl(2, R) f 4(4) sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) g 2 (2) sl(2, R)
Proof of Theorem 5
Proof. Note that i * ([H U /K H ]) is non-zero in H * (G U /K, R), by Theorems 2 and 3. By Poincaré duality there exists a ∈ H dim Hu/K H (G U /K, R) such that i * (a) = 0. One can see that H dim Hu/K H (H U /K H , R) is onedimensional. It follows that the map
is surjective. Use the following observation from [BC] , Theorem 1.1.
Let A be a semisimple connected compact Lie group and U a closed and connected subgroup. Then H 2 (A/U, R) is canonically isomorphic to the center of u * .
Assume that G/H admits a compact Clifford-Klein form. Note that dim H U /K H =2 so by the surjectivity of (1) we have
But Theorem 1.1 in [BC] (which we have mentioned above) implies
